Previously unexplored accretion regimes associated with the rotation of accreting matter, namely the perturbations of a quasi-spherical subsonic settling flow and Bondi-Hoyle accretion in the presence of axial rotation, are considered within the framework of ideal hydrodynamics. For subsonic settling accretion, the perturbations are shown to grow rapidly as the gravitating center is approached, so that the flow in the inner regions can no longer be considered as quasi-spherical. For Bondi-Hoyle accretion, a vacuum cylindrical cavity is shown to be formed at large distances from the gravitating center near the flow axis, with the flow velocity outside this cavity being virtually independent of the distance to the rotation axis.
Introduction
The accretion of matter onto a compact object (a neutron star onto which gas flows from the companion star in X-ray sources; a black hole that is the "central engine" in active galactic nuclei and quasars) is a classical problem of modern astrophysics (see Shapiro It should be emphasized that the focus of research has been shifted to magnetohydrodynamics, within which framework it has become possible to properly take into account the turbulent processes associated with magnetic reconnection, magnetorotational instability, etc. . However, in our opinion, some of the important accretion regimes, which are simple enough for their main properties to be described analytically in terms of ideal hydrodynamics, still remain inadequately explored. These include the effects associated with the presence of angular momentum in the subsonic settling regime and for Bondi-Hoyle accretion. Such additional rotation naturally arises in binary systems when, for example, a neutron star interacts with the stellar wind from its companion, and when the gravitating center moves in a turbulent medium with significant vorticity. This paper is devoted to investigating such flows.
In the first part, we formulate the basic equations of ideal steady-state axisymmetric hydrodynamics, which are known to be reduced to one second-order equation for the stream function. Then, in the second part, the subsonic settling accretion is considered. We show that in the presence of angular momentum, the nonradial velocity perturbations grow fairly rapidly as the gravitating center is approached, so that the flow in the inner regions can no longer be considered quasi-spherical. Finally, the third part is devoted to the Bondi-Hoyle ac-cretion. We show that in the presence of axial rotation, a vacuum cylindrical cavity is formed at large distances from the gravitating center near the flow axis. The flow velocity outside this cavity is virtually independent of the distance to the rotation axis.
Basic equations
As is well known (Guderley 1962; von Mises 1958) , to describe axisymmetric steady hydrodynamic flows, it is convenient to use the stream function Φ(r, θ) related to the poloidal velocity of the matter v p by the following relation as an unknown quantity:
where n p is the particle number density and r ⊥ = r sin θ is the cylindrical radius. At present, this approach is commonly called the method of the Grad-Shafranov equation (see, e.g., Beskin 2010). In this approach, the Euler equation is reduced to one second-order partial differential equation for the stream function Φ(r, θ). In compact form (and for nonrelativistic flows, which will be considered below), it can be written as
Here, m p is the mass of the particles and T is the temperature. Equation (2) represents the balance of forces in a direction perpendicular to the streamlines of the matter.
Next, the energy
where w is the enthalpy and ϕ g = −GM/r is the gravitational potential, the angular momentum
and the entropy s(Φ) are integrals of motion, i.e., they are constant on streamlines and, consequently, may be considered as functions of Φ. Their specific form should be determined from the boundary conditions.
The Grad-Shafranov equation (2) should be supplemented with the Bernoulli equation (3), which can now be rewritten as
Below, for simplicity, we will use the polytropic equation of state
where Γ is the polytropic index, and k(s) depends only on the entropy s. In this case, the speed of sound is a function of the number density n p and can be expressed as
Accordingly, at Γ = 1 the enthalpy can be represented as
Subsonic settling accretion
Consider the problem of subsonic settling accretion of matter. This regime corresponds to a subsonic flow up to the gravitating center. In this case, the contribution from the first term associated with the kinetic energy of the matter in the Bernoulli equation (3) is assumed to be small, so that in the inner regions we can set
If the angular momentum of the accreting matter is small enough, so that v ϕ ≪ v p in the entire flow region, then it is natural to assume that the flow structure will differ only slightly from the spherically symmetric case. Therefore, we can seek a solution of our problem in the
where the last term is the correction to the spherically symmetric flow. As regards the small parameter ε 2 L , it will be determined somewhat later.
Let us now determine the conditions at the outer boundary of the flow. Since the flow is assumed to be subsonic, we will need five boundary conditions. Three of them, namely two thermodynamic functions and radial velocity v r can be chosen from the zeroth spherically symmetric approximation. Therefore, at the outer boundary r = R we set
Below, we will assume that in the presence of slow rotation, the temperature T R , number density n R and meridional velocity v R at r = R do not change and the gas rotates as a whole with an angular velocity Ω. In this case, we can write
Then,
where L 0 = ΩR 2 and E 0 is the value of the Bernoulli integral in the absence of rotation.
Accordingly, the total accretion rate Φ tot = 2Φ 0 will be
As a result, after linearization in small parameter ε L and in the limit of low velocities
where v 0 (r) and c 0 (r) are the poloidal velocity and the speed of sound for an unperturbed spherically symmetric flow. As we see, the small parameter of our problem is
Expanding now the function f (r, θ) into a series of eigenfunctions Q m (θ) of the operator
where (see Beskin 2010) Q 0 = (1 − cos θ), Q 1 = sin 2 θ, Q 2 = sin 2 θ cos θ, etc., and substituting this series into equation (19), we obtain a system of ordinary differential equations for the radial functions g m (r):
Here, q m = −m(m + 1) are the eigenvalues of the operatorL θ and we also used equation (9) .
Using now definition (1) and boundary conditions (14)- (15), we find that all radial functions should satisfy the conditions
dg m dr r=R = 0.
As a result, only the radial function g 2 (r), turns out to be nonzero. For the latter, equation
(23) takes the form
where
and
As a result, the solution of equation (26) with boundary conditions (24)-(25) can be represented as
and In Figure 1 , the exponents λ 1 , λ 2 and α are plotted against the polytropic index Γ; the numeric values corresponding to the plot are presented in the table. As we see, at Γ = 1.366 the leading exponents change from λ 2 to α. However, at all values of Γ < 5/3 the leading exponents are negative and greater than 2.7 in magnitude. Therefore, at small radii r, the radial flow perturbations should grow rapidly. where v ∞ s the velocity of the gravitating center and c ∞ is the sound speed for the medium at infinity. So the first small parameter of the problem will be their ratio
As is well known, the presence of small parameter (35), allows an analytical solution of the problem to be constructed (Beskin 2010 ). In particular, the capture radius R c can be defined
is the sonic surface.
Let us now assume that the incoming flow has a small angular momentum L. Clearly, significant perturbations will be concentrated only near the rotation axis, because the streamlines with an angular momentum L in this accretion regime cannot approach the rotation axis closer than the distance.
Consequently, we will be interested only in the regions near the separatrix separating the captured streamlines and the streamlines going to infinity. Therefore, for simplicity, we will assume that all three integrals of motion, E(Φ), L(Φ) and s(Φ), are constants near the separatrix. For instance, for the angular momentum L this implies that v ϕ ∝ r −1 ⊥ in the onflow region (and only near the separatrix). In this case, equation (2) takes a particularly simple form:
Another small parameter of the problem will be
where the toroidal velocity v ϕ is taken on the separatrix in the onflow region, i.e., at r ⊥ = R c .
As a result, the integrals of motion E and L near the separatrix will be
Clearly, in contrast to the previous problem, the separation of variables here is impossible.
Therefore, we will restrict our analysis only to the flow structure near the rotation axis, where the influence of a small angular momentum turns out to be significant. First of all, consider the asymptotic region r → ∞ along the flow, where the gravitational potential may be set equal to zero. In this case, the Bernoulli equation can be written as
On the other hand, equation (39) will be rewritten as
Since we may set Φ = πr
is the minimum distance to which the flow can approach the rotation axis.
On the other hand, neglecting the derivatives with respect to z and using equation (39), we conclude that
i.e., the poloidal velocity of the flow does not depend on the distance to the axis. The value of v p itself in the asymptotically distant region should coincide with the onflow velocity v ∞ .
Finally, from the Bernoulli integral (43) we obtain
i.e., the number density grows with distance from the axis and reaches a constant level.
Let us now consider the flow structure near the singular point (i.e., the point separating the flows going to infinity and returning to the gravitating center; see Figure 2 ). Near this point, the Grad-Shafranov equation will still be determined by equation (39). As regards the Bernoulli equation, in this case, it takes the form
Clearly, both the number density n p and the poloidal velocity v p must become zero near the singular point. Therefore, we will seek a solution of equation (39) in the form
where r 0 and z 0 are the coordinates of the singular point, A and B are some dimensional constants, m and n are the exponents that must be greater than zero. In this case, it is natural to assume z 0 to be much greater than r 0 . Substituting these functions into (39), we
Near the singular point, i.e., for r ⊥ → r 0 (z) and z → z 0 (r ⊥ ), only the first two terms will contribute significantly to sum (52). Therefore, we can write
where the primes denote the derivatives with respect to the corresponding argument. As a result, equation (53) gives
At the same time, the condition of the first order in (54) can be rewritten as
This is equivalent the lines r 0 (z) and z 0 (r ⊥ ) being perpendicular to each other. Therefore, near the singular point, we may set Let us now analyze the Bernoulli equation. For convenience, we introduce the notation
For r ⊥ and z, we can then derive the expressions
Considering now the terms of the zeroth and first order in ∆r ⊥ and ∆z in equation (49), we obtain L 2 2r 2 0
− αL
First of all, is is easy to show that the contribution of the gravitational term in equation (63) has the order of smallness ε 1/2 1 and we will neglect it below. As a result, (64) gives
Therefore, the inclination of the boundary r 0 (z) to the flow axis turns out to be very small.
The coordinate of the singular point r 0 will differ only slightly from r min (46). Next, from
equation (65) we find
Finally, the terms in equation (65) will correspond to the coefficients at the identical powers of ∆z only under the condition
We see that, given equation (55) In conclusion, we will provide the expressions for the innermost, supersonic flow regions r ≪ r * ≈ GM/c 2 ∞ without their derivation. For sufficiently small angular momenta, when the accreting plasma cannot penetrate only into a narrow quasi-cylindrical region with a distance from the axis r min ≪ r, the quantity r min can be represented as
As we see, such a solution can be realized only under the condition ε 2 < ε 1/2
1 . Otherwise, in the case of ideal hydrodynamics we consider, the flow will be unable to approach the rotation axis to a distance smaller the radius of the sonic surface r * .
Further, for r min ≪ r ⊥ < r , the solution should coincide with the unperturbed (i.e., essentially cylindrical) supersonic flow with an accretion rate v (0) p (r) ≈ (2GM/r) 1/2 . Owing to equation (44), the poloidal velocity v p (r, r ⊥ ), just as for the outgoing flow, will not depend on the distance from the axis r ⊥ . Accordingly, the particle number density n p will be given by a relation similar to (48)
where now, however, the particle number density n ∞ (r) ≈ n * (r/r * ) −3/2 depends on the distance to the gravitating center.
As an illustration, we will provide estimates for the case where the compact object (a neutron star, a black hole) moves through a turbulent cell of an interstellar cloud with a temperature of 100-1000
• K. The sound speed in them will then be approximately 10 4 -10 5 cm/s. At the same time, the tangential velocity of the matter at the boundary for a typical cloud is 10 6 cm/s (Horedt 1982) . If the cloud velocity toward the gravitating center is taken to be 10 km/s, then the parameters of the problem will be
As we see, in this case, these parameters can be fairly large. And this implies that the flow structure can actually change significantly when the accreting matter has an angular momentum. For instance, at ε 1 = ε 2 = 1 the capture radius turns out to be equal to the distance to the sonic surface and the radius of the vacuum cavity coincides with this quantity in order of magnitude. Clearly, a consistent comparison of the predictions of the theory and observations requires a separate study, which is beyond the scope of this paper.
Conclusions
Thus, as has been shown above, the presence of even a small angular momentum in the accreting matter can qualitatively change the flow structure in both subsonic settling and Bondi-Hoyle accretion regimes. Therefore, the effects associated with the rotation of accreting matter can affect significantly the overall picture of the phenomena being discussed when analyzing accretion onto compact astrophysical objects.
Of course, the simple solutions of the equations of ideal hydrodynamics considered above cannot describe the entire spectrum of phenomena associated with the axial rotation of accreting matter and attributable, for example, to turbulence or a magnetic field. Using the polytropic equation of state at gas densities approaching zero is also a weak point of the approach considered. Nevertheless, in our view, the simple examples discussed above can be used as a first step that allows us to judge how the rotation of accreting matter changes the flow structure in the well-known cases of subsonic settling or Bondi-Hoyle accretion.
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